Abstract-In this paper, FitzHugh-Nagumo equations are used to model the dynamics of tangential cells in fly's visual cortex. Membrane current produced by the visual stimuli is modelled as the external input. An asympototic method is used to show that the amplitude of the oscillation depends critically on the magnitude of the external input. Furthermore, in a neighborhood of a bifurcation, the amplitude increases monotonically as a function of the external input. This result helps to explain how the visual cortex of fly encodes visual stimulus and detects motion.
I. INTRODUCTION
The paper starts from studying the processing of visual motion in the eyes of flies. In flies the eye is built from many single elements called facets or ommatidia. Each ommatidium possesses its own lens and its own set of photoreceptors. The latter send their axons into a part of the brain devoted to image processing called the visual ganglia. Within these ganglia, images become processed by an array of local motion detectors (The correlation-type motion detector was proposed by Reichardt and Hassenstein 1961,1987 , their model is called elementary motion detector, EMD.). The output of such local motion detectors become spatially integrated by various large field elements and this happens on the dendrites of tangential cells located in the posterior part of the third visual ganglion called the lobula plate. These neurons don't integrate the output signals of local motion detectors independently but interact with each other. One of the goal of this research is to use a network of oscillators to model the detection of motion signals in visual cortex of flies.
There is accumulated experimental evidence that the correlation-type motion detector provides input to the tangential cells in the lobula plate. The knowledge about the dynamics of the intrinsic membrane properties of the lobula plate tangential cells is important because it allows us to dissect out the input signal which come from the motion signals through flies' compound eyes.
Various types of electrical responses are produced by different tangential cells when stimulated by visual motion along their preferred direction, i.e. graded, spiking and mixed. Pronounced differences must exist between the intrinsic membrane properties of the neurons. Responding in a purely graded way they might not be endowed with voltage-gated ion channels at all. Thus the response is regarded as totally passive, while tangential cells producing spiking activities have to possess voltage-gated ionic currents in their axons. In addition, tangential cells responding in a mixed mode must also have voltage-activated membrane currents. This paper focuses on the tangential cells with voltage-gated ion channels which can produce spiking activities in response to visual stimuli. FitzHughNagumo model will be used to reveal the relation between the dynamics of tangential cells and the magnitude of membrane current produced by the visual stimuli.
II. FITZHUGH-NAGUMO MODEL AND OSCILLATIONS OF TANGENTIAL CELLS
Fifty years ago Hodgkin and Huxley reported their comprehensive quantitative studies on electrical excitation and propagation along a nerve axon. Under experimental conditions which justify the assumption that the axon is spatially homogeneous in the longitudinal direction of the cell, a current produces relaxation oscillations of the action potential whose amplitude and period depend crucially on the magnitude of the current. They use a system of four couple nonlinear differential equations to capture the key features of the action potential. Because of the complexity of the equations, FitzHugh and Nagumo introduced a formal reduction of these equations to a two dimensional system that can be expressed in the form:
where x(t) is the potential ( the potential difference across the membrane), y(t) is the recovery variable which Equation (1)(2) has a unique steady-state solution (x 0 , y 0 ). To determine the stability of the steady state, we consider the Jacobian matrix of (1) and (2) evaluated at (x 0 , y 0 ):
Let the eigenvalue of this matrix be λ = u+iw hence
then the real part of eigenvalue is
From (1), we have
This cubic equation has three roots of which only one is real .
Taking derivatives with respect to x 0 from both sides of (3), we get
Let x 0 be a function of I, then x 0 = x 0 (I) is monotonically increasing function of I (see Fig.1 ).
For x 0 = − √ 1 − , the corresponding value of I is:
For x 0 = √ 1 − , the corresponding value of I is:
Investigating the eigenvalues of the matrix A, we know that the dynamics of FitzHugh-Nagumo model strongly depends on the control parameter I, furthermore, we can show that for a certain range of I, the amplitude of the oscillation depends critically on the magnitude of the current I.
Let I 0 be the input current corresponds to x 0 = 0. In the following discussion, we only consider the range 
III. ASYMPOTOTIC APPROXIMATION OF LIMIT CYCLE IN FITZHUGH-NAGUMO MODEL

Theorem (Poincare-Bendixson). Let R be a closed, bounded region consisting of nonsingular points of a plane systemẋ = X(x) such that some positive half-path H of the system lies entirely within R. Then either H is itself a closed path, or it approaches a closed path, or it terminates at an equilibrium point.
This theorem tells us that if we can construct a bounding surface around a fixed point so that all flux arrows on the surface are pointing towards the interior, and the fixed point in the interior is repulsive, then there must exist a stable limit cycle around that fixed point.
From the previous discussion, we know that when the input current is within the specified range, there is one unstable fixed point. If the flux is bounded, then by theorem of Poincare-Bendixson there must be a limit cycle.
In equation (1)(2), we make the change of variable τ = t, then (1)(2) becomes
is assumed to be small, so dx dy is very large, that is the integral curve x = x(y) is practically horizontal everywhere in the (x, y) plane except on the curve f (x, y) = 0.
The curve f (x, y) = 0 is the x-nullcline consisting of 3 branches, separated by points A and B, at these points the curve f (x, y) = 0 has horizontal tangents (see Fig.2 ).
On the curve f (x, y) = 0 we haveẋ = 0, so the trajectory cannot follow this curve being exactly on it, but very close to it on both side (branch 1 and 3), they are nearer to branches 1,3, the smaller the value of .
At the junction point A, the trajectory will goes horizontally to the left until it meets the curve f (x, y) = 0 on which it follows close to this curve in the prescribed direction until it reaches B. At this point the trajectory cannot follow branch 2 because the allowed direction on this branch is from O to B, hence it follow the horizontal direction from B to C, arrive at branch 1 again.
This determine the motion on the piecewise analytic cycle ADBCA consisting of two analytic branches CA and DB closed by discontinuous stretches AD and BC.
In the following discussion, we introduce certain connecting regions and then use asympototic method to approximate the limit cycle of system (4)(5) piecewise. This idea comes from A.A.Dorodnitsin (see [3] pp.187-195) and E.F.Mishchenko and N.Kh.Rozov (see [8] ). For sufficiently small , the limit cycle is close to the trajectory of
and it is seen that when x = 1 and x = −1, we have f x = 0.
Let P be a point on the right branch of the trajectory and P not within a small neighborhood of junction point A but close to it, then f x = 0 on this part of the curve CP , so by implicit function theorem f (x, y) = 0 has a unique solution x, x = x 0 (y) Then x 0 (y) is an approximation to the trajectory of (4)(5) in the region R1. We use an asympototic expansion on this part of the trajectory to write 
Likewise,
We compare the coefficients of powers of to see that:
. . .
From (6), we have f (x 0 (y), y) = 0 and so
From f (x 0 (y), y) = 0, we have
and then
Therefore from (7), we have
plane moves upwards with increasing I. Since the point (a 1 , b 1 ) represents the maximum displacement of the trajectory we come to the conclusion that the amplitude increases with the increasing input I, for I ∈ (I 1 , I 0 ).
IV. CONCLUSION
In this paper, FitzHugh-Nagumo equations were used to model the dynamics of tangential cell in fly's visual cortex. We used an asympototic method to study the limit cycle in the F-N equation. We showed that the amplitude of the oscillation depends critically on the magnitude of the external input. Furthermore, we showed that in a neighborhood of a bifurcation, the amplitude increases monotonically as a function of the external input.
The work was limited to only one tangential cell. There are approximately 60 tangential cells in fly's visual cortex. Research is underway to use a network of oscillators to model the tangential cells and the interactions between them and to determine from the oscillator network the velocity vector of an object moving through the field of vision.
